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Introduction
To infer properties, qualitative or quantitative, of a tensor product from properties of its factors is a delicate task. For finitely generated modules M and N over a commutative noetherian local ring R, Auslander [3] proved that the depth of the tensor product is given by the formula
provided that the projective dimension of M is finite and the two modules are Tor-independent, that is, the homology modules Tor R i (M, N ) vanish for i 1. In particular, the equality (A) holds for every pair of finitely generated Tor-independent modules over a regular local ring.
The condition of finite projective dimension was first relaxed by Huneke and Wiegand [20] , who established the validity of (A) for pairs of finitely generated Tor-independent modules over complete intersection local rings. Later, Araya and Yoshino [1] and Iyengar [23] showed that (A) holds for Tor-independent modules M and N , provided that M has finite complete intersection dimension.
In a different direction, Foxby [16] relaxed the condition of Tor-independence as follows. Let M and N be modules over a commutative noetherian local ring R and let P be a projective resolution of M . If M has finite projective dimension, then there is an equality, depth R (P ⊗ R N ) = depth R M + depth R N − depth R.
(B)
Implicit in this formula is an extension of the invariant "depth" to complexes of modules; we recall it in (1.3). The homology of the complex P ⊗ R N is Tor R * (M, N ), and if M and N are Tor-independent, then (B) reduces to Auslander's formula (A).
The notion of Tate homology for modules over group algebras has a natural extension to modules over Gorenstein rings and, more generally, to modules of finite Gorenstein projective dimension over any ring. This theory was recently treated by Iacob [21] . We recall the basics in (2.2); a broader discussion is given in [13, Sect. 2] .
Let R be a commutative noetherian local ring. The central result in this paper, Theorem (2.3), establishes vanishing of Tate homology Tor R * (M, N ) as a sufficient condition for the equality (B) to hold for a pair of R-modules (M, N ), where M has finite Gorenstein projective dimension. The Tate homology for such a pair vanishes if M has finite projective dimension over R, and if R is complete intersection, then Tor-independence implies vanishing of Tate homology. Thus the main theorem subsumes all of the aforementioned generalizations of Auslander's depth formula. In fact, it goes further and subsumes several other generalizations obtained over the half-century that has passed since [3] appeared.
What is more significant, though, is that Theorem (2.3) applies to modules over all Gorenstein rings. The works of Iyengar and of Huneke and Wiegand established the depth formula in the realm of complete intersection rings. The depth is a cohomological invariant, and the cohomological behavior of modules over Gorenstein rings can stray dramatically from that of modules over complete intersection rings. Therefore, it came as a surprise to us that vanishing of Tate homology is sufficient to tame depth in this vastly wider context.
In Sections 4 and 5 we explore the consequences of the main theorem for modules over different classes of Gorenstein rings. For so-called AB rings, a notion coined by Huneke and Jorgensen [18] , we obtain in Theorem (3.6) a precise bound on vanishing of cohomology of finitely generated modules. For modules over complete intersection rings, we obtain a derived depth formula for modules that satisfy an effectively verifiable condition on vanishing of Tate homology. That is, if Tor R i (M, N ) vanishes for a finite number of consecutive indices-a number that only depends on R-then (B) holds; this is Theorem (4.6).
In the final section we prove a statement, dual to Theorem (2.3), for the width invariant and use it to establish a bound on vanishing of cohomology of finitely generated modules with vanishing Tate cohomology Ext * R (M, N ).
Depth of complexes
In this paper, R-complexes-that is, complexes of R-modules-are graded homologically. A complex
is called acyclic if the homology complex H(M ) is the zero-complex. We use the notation C i (M ) for the cokernel of the differential
The notation sup M and inf M is used for the supremum and infimum of the set {i ∈ Z | M i = 0}, with the conventions sup ∅ = −∞ and inf ∅ = ∞. A complex M is called bounded above if sup M is finite, it is called bounded below if inf M is finite, and it is called bounded if it is bounded above and below.
For some of our proofs, we shall need the following variation on [5, Lem. 4.4 .F].
(1.1) Lemma. Let F and M be R-complexes, and let P be a complex of finitely generated R-modules. If one of the following conditions holds (a) F and M are bounded above, and P is bounded below, or (b) M and P are bounded and P is a complex of projective R-modules or F is a complex of flat R-modules, then there is a natural isomorphism of R-complexes
Proof. For R-modules P , M , and F the tensor evaluation map
given by
is a homomorphism. It is an isomorphism if P is finitely generated and projective, and also if P is finitely generated and F is flat; see [5, Lem. 4 
.4.F].
Under either assumption, (a) or (b), the complex M is bounded above and P is bounded below. Assume, therefore, without loss of generality that one has M u = 0 for all u > 0 and P u = 0 for all u < 0. For every n ∈ Z one then has
If (a) holds, then one can assume that F u is zero for all u > 0, whence
is a morphism of complexes; this is elementary to verify. It follows that it is an isomorphism if the modules in P are projective or the modules in F are flat. If (b) holds, then a similar argument applies. 2 (1.2) Resolutions. A morphism of R-complexes that induces an isomorphism in homology is called a quasiisomorphism and indicated by the symbol ' '. An R-complex P is called semi-projective if each module P i is projective, and the functor Hom R (P, −) preserves quasi-isomorphisms. Every bounded below complex of projective R-modules is semi-projective. Similarly, an R-complex I is called semi-injective if each module I i is injective, and the functor Hom R (−, I) preserves quasi-isomorphisms. Every bounded above complex of injective R-modules is semi-injective. The following facts are proved in [6] .
(P) Every R-complex M has a semi-projective resolution. That is, there is a quasi-isomorphism π: P → M , where P is a semi-projective complex with P i = 0 for all i < inf M . For an R-module M , a semi-projective (-injective) resolution is just a projective (injective) resolution in the classic sense; see [8] .
We use the standard notations − ⊗ L R − and RHom R (−, −) for the derived tensor product and derived Hom of complexes; they are computed by way of the resolutions described above. Extending the usual definitions of Tor and Ext for modules, set
for R-complexes M and N and i ∈ Z. In another extension of classic notions, define the projective and injective dimension of an R-complex by The depth of an R-complex is defined by extension of the homological characterization of depth of finitely generated modules.
(1.3) Depth. Let M be an R-complex. The depth of M is defined as 
(1.3.1)
(1.4) The derived depth formula. Let M and N be R-complexes. We say that the derived depth formula holds for M and N if there is an equality
Note that this is just a rewrite of the equality (B) in the introduction. 
Depth and vanishing of Tate homology-the main theorem
We start by recalling some facts from [13] and [21] . 
where π is a semi-projective resolution, T is a totally acyclic complex of projective R-modules, and τ i is an isomorphism for i 0. The Gorenstein projective dimension of M , written Gpd R M , is the least integer n such that there exists a complete resolution (2.1.1) where τ i is an isomorphism for all i n. In particular, Gpd R M is finite if and only if M has a complete resolution. Notice that the homology H(M ) is bounded above if Gpd R M is finite. Note also that a complex of finite projective dimension has finite Gorenstein projective dimension; indeed, 0 → P → M is a complete resolution for every semi-projective resolution P → M with P bounded above.
(2.2) Tate homology. Let M be an R-complex of finite Gorenstein projective dimension, and let T → P → M be a complete resolution. For an R-complex N , the Tate homology of M with coefficients in N is defined as
This definition is independent of the choice of complete resolution; see [21] or [13, Sect. 2] for details. In particular, one has
If M has finite projective dimension or if N is bounded above and of finite projective dimension, then Tor Proof. Choose a complete resolution T τ − → P → M and let π : P − − → N be a semi-projective resolution. The quasi-isomorphism P ⊗ R π : P ⊗ R P − − → P ⊗ R N is then a semi-projective resolution, and the Künneth formula yields
It now follows from (1.3.1) and Proposition (1.
is finite if and only if depth R M and depth R N are both finite. In particular, the left-and right-hand sides of the equality we aim to prove are simultaneously finite.
Assume that both M and N have finite depth. Consider the degreewise split exact sequence of R-complexes 0 → P → Cone τ → ΣT → 0 and apply the functor − ⊗ R N to it. By assumption, the complex (ΣT )
In high degrees K = Cone τ is isomorphic to the mapping cone of an isomorphism, and the mapping cone of an isomorphism is contractible. Therefore there exist homomorphisms σ i :
Since K is a complex of projective modules, and ∂
holds for i 0, it follows that the modules Ker 
The complex L ⊗ R I is bounded above and consists of injective R-modules, so it follows from (1), (2), and [5, 1.4 .I] that it is a semi-injective resolution of the complex
The third equality in the next computation follows from Lemma (1.1).
For N = R this equality reads Part (1) is known from [12, Thm. 6.3] , while (2) and (3) appear to be new.
(2.5) Gorenstein rings. Let R be Gorenstein. Every R-complex with bounded above homology has finite Gorenstein projective dimension; see [30, Thm. 3.11] . Thus by Theorem (2.3) the derived depth formula holds for R-complexes M and N with H(M ) and N bounded above and Tor R * (M, N ) = 0. For finitely generated modules, the Gorenstein projective dimension coincides with Auslander and Bridger's notion of G-dimension; see [11, Prop. 3.8] . The following equality is known as the AuslanderBridger Formula; it holds for every finitely generated module M of finite G-dimension,
(2.5.1)
For finitely generated R-modules with Tor R * (M, N ) = 0 there is hence an equality
which represents a natural generalization of [3, Cor. 1.3] to G-dimension.
(2.6) Remark. In [26] Jorgensen and Şega give an example of an artinian Gorenstein ring R and a finitely generated R-module M , such that for every s 0 there exists a finitely generated R-module N s with
Thus, over a Gorenstein ring,
-does not per se guarantee that the derived depth formula holds. This phenomenon disappears over so-called AB rings, where vanishing of homology is easier to control.
AB rings
Recall from Huneke and Jorgensen [18] that a local ring R is called AB if it is Gorenstein, and the following holds for all finitely generated R-modules M and N ,
At the end of this section we apply our main theorem to provide a precise bound for the vanishing of cohomology Ext i R (M, N ) for modules over AB rings; it turns out to depend only on M .
(3.1) Tate cohomology. Let M be an R-complex of finite Gorenstein projective dimension, and let T → P → M be a complete resolution. For an R-complex N , the Tate cohomology of M with coefficients in N is defined as
This definition is independent of the choice of complete resolution; see [30] for details. In particular, one has .2)]. In some sense, the conditions in the main Theorem (2.3) are easier to verify for moduless over AB rings. Not only is finiteness of Gorenstein projective dimension automatic, per the next lemma one only needs vanishing of homology in high degrees. For modules over a familiar class of AB rings, namely complete intersections, it becomes truly easier, as one only needs vanishing of a finite number of homology modules; see Theorem (4.6).
(3.2) Proposition. Let R be AB and let M and N be finitely generated R-modules. The following assertions hold.
Proof. As R is Gorenstein, M has finite G-dimension. Let T → P → M be a complete resolution of M . For all integers i and n with i > n one has
The Krull dimension d = dim R is an upper bound for the G-dimension of a finitely generated R-module, cf. 
Proof. As R is Gorenstein, the module M has finite G-dimension. Choose a complete resolution T 
is then acyclic as well; the isomorphism is homomorphism evaluation [5, 4.4 (N, E) ) vanish for all i, so Theorem (2.3) applies to the modules M and Hom R (N, E) . The latter module has depth 0, so one has
The module Hom R (N, E) is only supported on the maximal ideal of R, and so are the homology modules of the complex M ⊗ L R Hom R (N, E) P ⊗ R Hom R (N, E). This explains the first equality in the next chain; the second equality is homomorphism evaluation.
The desired equality now follows from (1) and (2). 2
Complete intersections
Homology of finitely generated modules over complete intersection rings is rigid in the following sense; see [19, One goal of this section is to obtain a similar result for modules that are not finitely generated; see Theorem (4.6).
Recall from [7] 
that a (codimension c) quasi-deformation of R is a diagram of local homomorphism R
where ρ is flat, and π is surjective with kernel generated by a Q-regular sequence (of length c). To not interrupt the flow, we defer the proof of this lemma to the end of the section.
We say that an R-complex M has finite CI-dimension, if there is a quasi-deformation of R such that pd Q (R ⊗ R M ) is finite. For modules M and N with Tor We precede the proof with a technical observation. 
Proof of Theorem (4.4). Under the assumption that N is bounded above and Tor
By assumption there is a homomorphism π: Q ↠ R, where Q is a complete regular local ring, and Ker π is generated by a Q-regular sequence x 1 , . . . , x c . Thus, the diagram R → R Q is a codimension c quasi-deformation of R, and because H( R ⊗ R M ) is bounded above, one has pd
If N is bounded above and one has Tor For complexes with bounded and degreewise finitely generated homology, for finitely generated modules in particular, the CI-dimension agrees with Avramov, Gasharov, and Peeva's notion of CI-dimension; see [7, 28] . 
Proof. It follows from the theorem and Corollary (4.2) that the derived depth formula holds for M and N . For every R-complex X with H(X) finitely generated, there is an Auslander-Buchsbaum-type formula CI-dim R X = depth R − depth R X; see [28, Prop. 3.3] . Now the desired equality follows from the depth formula. 2 [24, Thm. 8.1] . Let P − − → M be a semi-projective resolution over R. To prove that Gpd R M is finite, it suffices to show that the module C g (P ) has finite Gorenstein projective dimension or, equivalently, finite Gorenstein flat dimension; cf. [11, Thm. 4 
is Gorenstein projective, in particular it is Gorenstein flat, and then so is C g (P ) by [14, Thm. A]. Thus Gpd R M is finite.
The implications
are trivial or follow from (2.2.1). It remains to prove that (iv) implies (i). Let T → P → M be a complete resolution. The morphism R ⊗ R P → R ⊗ R M is then a semi-projective resolution over R , and it is straightforward to verify that R ⊗ R T is a totally acyclic complex of projective R -modules. Thus, by flatness of R one has
Without loss of generality, assume that ρ is the identity map. The assumptions are now that R is isomorphic to Q/(x 1 , . . . , x c ) , that pd Q M is finite, and that there is an integer h such that
For j ∈ Z set M j = C j (T ). Notice that because R and M have finite projective dimension over Q, each module M j has finite projective dimension over Q as well. Set d = depth Q; fix a j and let F be a projective resolution of M j over Q of length pd Q M j d. Let L be a semi-projective resolution of N over R. Without loss of generality, assume that one has sup N = 0. The filtrations F and L defined by
are bounded; they give rise to spectral sequences
The E 2 -terms are the iterated homologies of the underlying double complexes, obtained by first taking homology along columns and then along rows. The terms
vanish for q > 0, and they vanish for p not in {0, . . . , d}. In particular, for n > d one has 
The homology in degree q within the pth column in the double complex
is a free resolution of R over Q, and the elements 
Moreover, the inequalities h − j + c + 1 > d and c (2) and (3) 
Auslander's depth formula
The purpose of this section is to connect the derived depth formula (1.4.1) with another generalization, due to Auslander [3] , of the Auslander-Buchsbaum Formula.
In view of Lemma (4.3) the next result generalizes [10, Thm. 3] by replacing finitely generated modules with complexes of modules with mild boundedness conditions and no assumptions of finite generation. 
2) The depth formula. Let M and N be finitely generated R-modules. Following Choi and Iyengar [10] we say that the depth formula holds for M and N if s = sup{i | Tor 
The proof is given at the end of the section; note that under the assumption that M has finite G-dimension, the desired equality follows from the proof of Theorem (3.6).
The notion of Gorenstein injective dimension is dual to that of Gorenstein projective dimension, and Tate cohomology Ext * R (M, N ) can be extended to the situation where the second variable N has finite Gorenstein injective dimension; see [2, 13] .
Before we start the proof of Theorem (6.1) we record an easy consequence. As a first step towards a proof of (6.1) we recall the notion of width.
(6.3) Width. The width of an R-complex M is defined as
There is an obvious inequality
and equality holds if H(M ) is bounded below and degreewise finitely generated. 
The complex Hom R (I , J) is bounded below and consists of flat R-modules, so it is semi-flat in the sense of [5, 6] , and it follows from (1) and (2) For M = R this equality reads width R N = inf H(Hom R (k, J)) + depth R R, and the desired equality follows. 2 A dual argument yields the next result, which is also invoked in the proof of Theorem (6.1). The special case of Proposition (6.5) where M and N are finitely generated, which is the context of (6.1), follows from the proof of Theorem (3.6). 
